We formulate general conjectures about the relationship between the A-model connection on the cohomology of a d-dimensional Calabi-Yau complete intersection V of r hypersurfaces V 1 , . . . , V r in a toric variety P Σ and the system of differential operators annihilating the special generalized hypergeometric function Φ 0 depending on the fan Σ. In this context, the mirror symmetry phenomenon can be interpreted as the twofold characterization of the series Φ 0 . First, Φ 0 is defined by intersection numbers of rational curves in P Σ with the hypersurfaces V i and their toric degenerations. Second, Φ 0 is the power expansion near a boundary point of the moduli space of the monodromy invariant period of the homolomorphic differential d-form on an another Calabi-Yau d-fold V ′ called the mirror of V . Using this generalized hypergeometric series, we propose a general construction for mirrors V ′ of V and canonical q-coordinates on the moduli spaces of Calabi-Yau manifolds.
Introduction
In this paper we consider complex projective smooth algebraic varieties V of dimension d whose canonical bundles K V are trivial, i.e. K V ∼ = O V , and the Hodge numbers Physicists have discovered a fascinating phenomen for Calabi-Yau manifolds, so called mirror symmetry [11, 16, 24, 26] . Using the mirror symmetry, Candelas et al. in [8] have computed the coefficients of the q-expansion of the Yukawa coupling for Calabi-Yau hypersurfaces of degree 5 in P 4 . The method of Candelas et al. was applied to Calabi-Yau 3-folds in weighted projective spaces [13, 29, 20] and complete intersections in weighted and ordinary projective spaces [21, 25] . The q-expansions for Yukawa couplings have been calculated also for Calabi-Yau hypersurfaces of dimension d > 3 in projective spaces [17] .
The interest of algebraic geometers to Yukawa couplings is explained by the conjectural relationship between the coefficients of the q-expansion of the Yukawa couplings and the intersection theory on the moduli spaces of rational curves on Calabi-Yau d-folds [17, 18] . For small values of degrees, this relationship was verified in [19] . However, the main problem which remains unsolved is to find a general rigorous mathematical explanation of this relationship for rational curves of arbitrary degrees on Calabi-Yau d-folds.
The purpose of this paper is to show that the mirror symmetry and the calculation of the Yukawa couplings for d-dimensional Calabi-Yau complete intersections in toric varieties bases essentially on the theory of special generalized hypergeometric functions. We remark that these hypergeometric functions satisfy the hypergeometric differential system considered by Gelfand, Kapranov and Zelevinsky in [14] . We propose also a general method for computing the normalized canonical q-coordinates.
The paper is organized as follows:
In Section 2, we give a review of the calculation of Candelas et al. in [8] of the coefficients Γ d of the q-expansion of the normalized Yukawa coupling
The coefficients Γ d = n d d 3 conjecturaly coincide with the Gromov-Witten invariants (introduced by D. Morrison in [31] ) for rational curves on quintic hypersurfaces in P 4 . Our review is greatly influenced by the work of D. Morrison [28, 29] , but we want to emphasize on the fact that the computation of the prediction for the number of rational curves on quintic 3-folds bases essentially on the properties of the special generalized hypergeometric series Φ 0 (z) = n≥0 (5n)! (n!) 5 z n which admits a combinatorial definition in terms of curves on P 4 . In Section 3, we explain a Hodge-theoretic framework for mirror symmetry and the ideas due to P. Deligne [10] and D. Morrison [30, 31] The key-point of this framework is the existence of a new-type nilpotent connection on cohomology of Calabi-Yau manifolds. Following a suggestion of D. Morrison, we call it A-model connection (see also [37] ). The mirror symmetry identifies the A-model connection on the cohomology of a Calabi-Yau d-fold V with the classical Gauß-Manin connection on cohomology of its mirror manifold V ′ . Section 4 contains a review of the standard computational technique based on the recurrent relations satisfied by coefficients of formal solutions of Picard-Fuchs equations. We use this techique later in explicit calculations of q-expansions for Yukawa couplings for some examples of Calabi-Yau complete intersections in toric varieties.
Section 5 is devoted to complete intersections in ordinary projective spaces. Using explicit description of the series Φ 0 (z) for Calabi-Yau complete intersections in projective spaces, we calculate the d-point Yukawa coupling and propose the explicit construction for mirrors of such Calabi-Yau d-folds for arbitrary dimension d.
In Section 6, we give a general definition of special generalized hypergeometric functions and establish the relationships between these functions and combinatorial properties of rational curves on toric varieties containing Calabi-Yau complete intersections. It is easy to see that these generalized hypergeometric functions form a special subclass of the generalized hypergeometric functions with resonance parameters considered by Gelfand et al. in [14] . We formulate general conjectures about the differential systems and canonial q-coordinates defined by the generalized hypergeometric series corresponding to Calabi-Yau complete intersections in toric varieties. Using a combinatorial interpretation of CalabiYau complete intersections in toric varieties due to Yu. I. Manin, we propose an explicit construction of mirrors.
In Section 7, we consider in more details the example Calabi-Yau hypersurfaces V of degree (3, 3) in P 2 × P 2 . We use this example for the illustration of the general computational method we used in Section 8, where we calculate the q-expansions of Yukawa couplings for some Calabi-Yau complete intersections in products of projective spaces. The computations in this section were done by the second author using an universal computer program based on Maple.
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Quintics in P 4
In this section we give a review of the (conjectural) computation of the Gromov-Witten invariants Γ d and predictions n d for numbers of rational curves of degree d on quintics V in P 5 due to P. Candelas, X. de la Ossa, P.S. Green, and L. Parkes [8] . The main ingedients of this computations were considered in papers of D. Morrison [28, 29] . The purpose of this review is to stress that this computation needs knowing only properties of the special generalized hypergeometric function Φ 0 (z). We begin with the computational algorithm for computing the coefficients in the q-expansion of the Yukawa coupling and the predictions for number of rational curves.
The coefficients in the q-expansion of the Yukawa coupling
Consider the series
Step 1. If we put a n = (5n)! (n!) 5 , then the numbers a n satisfy the recurrent relation (n + 1) 4 a n+1 = 5(5n + 1)(5n + 2)(5n + 3)(5n + 4)a n .
This immediatelly implies that the series Φ 0 (z) is the solution to the differential equation
where
One can rewrite the differential operator D in powers of Θ as follows:
We denote by C i (z) the rational function
Step 2. Following [28] , define the normalized Yukawa 3-differential as
is the 3-point coupling function such that W 3 (z) satisfies the differential equation (10) and the normalizing condition W 3 (0) = 5. One easily obtains
Step 3. The equation DΦ = 0 is a Picard-Fuchs differential equation with maximal unipotent monodromy (in the sense of Morrison [28] ) at z = 0. Therefore, there exists a unique solution Φ 1 (z) to DΦ = 0 such that Φ 1 (z) = (log z)Φ 0 (z) + Ψ(z), where Ψ(z) is regular at z = 0 and Ψ(0) = 0. We define the new local coordinate q = q(z) near the point z = 0 as
The, we rewrite the normalized Yukawa 3-differential W 3 in the coordinate q as
is called the Yukawa 3-point coupling. This function has the power expansion
are conjectured to be the Gromov-Witten invariants of rational curves of degree d on a quintic 3-fold in P 4 [19, 31] . The numbers n d are predictions for numbers of rational curves of degree d on quintic 3-folds.
It is important to remark that in the above algorithm for calculation of the numbers n d one needs to know only properties of the series Φ 0 (z) and the normalization condition W 3 (0) = deg V = 5 for W 3 (z), i.e., one does not need to know anything about mirrors of quintics.
Philosophy of mirrors and the series
The central role in the computation of Candelas et al. in [8] is played by the orbifold construction of mirrors for quintics in P 4 [16] . In [1] , this construction of mirrors was generalized for hypersurfaces in toric Fano varieties with Gorenstein singularities.
In the above algorithm, we have shown that one can forget about mirrors. However, the philosophy of mirrors proves to be very helpful. For quintic 3-folds this philosophy appears as the following twofold interpretation of the series Φ 0 (z).
The first interpretation:
We compute the coefficients a n of the power series Φ 0 (z) using combinatorial properties of curves C ⊂ P 4 of degree n. Notice that any such a curve C meets a generic quintic V at 5n distinct points p 1 , . . . , p 5n . There exists a degeneration of V into a union of 5 hyperplanes H 1 ∪ · · · ∪ H 5 . Every such a hyperplane H i intersects C at n points p i 1 , . . . , p in which can be considered as deformations of a subset of n points from the set {p 1 , . . . , p 5n }. It remains to remark that there exists exactly (5n)!/(n!) 5 ways to divide {p 1 , . . . , p 5n } into 5 copies of n-element disjoint subsets.
The second interpretation: We find the coefficients a n from an integral representation of Φ 0 (z).
Let T ∼ = (C * ) 4 be the 4-dimensional algebraic torus with coordinate functions X 1 , X 2 , X 3 , X 4 . Take the Laurent polynomial
in variables X 1 , X 2 , X 3 , X 4 , where the coefficients u 1 , . . . , u 5 are considered as independent parameters. Let z = u 1 u 2 u 3 u 4 u 5 .
Proposition 2.2.1
Proof. One has
It is straightforward to see that c 0 (u) = Φ 0 (u 1 · · · u 5 ). Now the statement follows from the Cauchy residue formula. 2
The second interpretation of Φ 0 (z) implicitly uses mirrors of quintics, since zeros of f (u, X) define the affine Calabi-Yau 3-fold Z f in T whose smooth Calabi-Yau compactification is mirror symmetric with respect to quintic 3-folds (see [1] ). Moreover, the holomorphic 3-form ω on Z f such that ω(z) extends regularly to a smooth compactification of Z f depends only on z, i.e., only on the product u 1 · · · u 5 . This 3-form can be written as
This shows that Φ 0 (z) is exactly the monodromy invariant period of the 3-form ω(z) near z = 0. Proof. In order to prove the statement, it is sufficient to check that
is a differential of a rational 3-form on T \ Z f . The latter follows from standard arguments using reduction by the Jacobian ideal J f (see [2] ). 2
A-model connection
The Yukawa coupling can be described by a nilpotent connection ∇ A on the cohomology of quintic 3-fold V
This connection is homogeneous of degree 2, i.e.,
and hence ∇ A vanishes on H 3 (V, C). By this reason, we consider only the cohomology subring
of even-dimensional classes on a quintic 3-fold V (rk H 2i (V, Z) = 1). Let η i be the positive generator of H 2i (V, Z). Then, in the basis η 0 , η 1 , η 2 , η 3 , the multiplication by η 1 is the endomorphism of H Following [9] and [31] , we define the 1-parameter connection on
can be considered as the deformation of the matrix Λ such that
The mirror philosophy shows that the matrix (1) can be identified with the matrix of the classical Gauß-Manin connection on the 4-dimensional cohomology space H 3 (Ẑ f , C) in a special symplectic basis. We notice that the quotients F i /F i+1 of the Hodge filtration
There is also the monodromy filtration on the homology
So the period matrix Π = (p ij ) has the form [17, 31] 
Notice that all coefficients p ij (i < j) are multivalued functions of z near z = 0. Applying the Griffiths transversality property, we obtain that the Gauß-Manin connection in the z-coordinate has the form
where Θp i,i+1 are single valued functions. Then the Yukawa 3-differential is simply the tensor product
By Griffiths transversality, one has ω 0 ∧ ω 2 = 0, i.e. we can assume that p 23 = p 12 . The differential form w 0 can be defined as ω/Φ 0 (z). Moreover, p 12 = Φ 1 (z)/Φ 0 (z). In the new coordinate q, we have p 12 = log q. Then the Gauß-Manin connection can be rewritten as
The role played by the 1-form dq/q in the connection matrix was first observed by P. Deligne [10] .
The q-coordinate and the Yukawa coupling
Since the coordinate q was defined intrinsically as the ratio Φ 1 (z)/Φ 0 (z) of two solutions of the differential equation DΦ = 0, it is natural to ask about the form of the differential operator D in the new coordinate q. Denote by Ξ the differential operator q ∂ ∂q . 
Proof. By properties of the nilpotent connection, one has
On the other hand,
The differential equation for ω 0 can be written also as
In this form this equation first arose in [12] .
The differential operator D which annihilates the function Φ 0 (z) defines the connection in the basis ω, Θω,
The basis ω, Θω, Θ 2 ω, Θ 3 ω is also compatible with the Hodge filtration in 
It is easy to see that
3 Quantum variations of Hodge structure on CalabiYau manifolds 3 .1 A-model connection and rational curves
A general appoach to the definition of a new connection on cohomology of algebraic and symplectic manifolds V was proposed by Witten [36] . The construction of Witten bases on the interpretation of third partial derivatives
of a function P (z) on the cohomology space H * (V, C) as structure constants of a commutative associative algebra. The function P (z) is defined via the intersection theory on the moduli spaces of mappings of Riemann surfaces S to V . Using Poincare duality, one obtains the structure coefficients of the connection on H * (V, C). We consider a specialization of the general construction to the case when V is a CalabiYau 3-fold. We put n = dim
, and ζ 0 the dual to η 0 generator of H 6 (V, Z). We can always assume that the cohomology classes η 1 , . . . , η n are contained in the closed Kähler cone of V .
] be the ring of formal power series in n independent variables. We denote by H(V ) the scalar extension
We consider a flat nilpotent holomorphic connection
defined by the following formulas [9, 31] 
. . , n;
The coefficients K ijk are power series in q 1 , . . . , q n defined by rational curves C on V , i.e., morphisms f :
is the number of pseudo holomorphic immersions ı :
for sufficiently general almost complex structure on V . In particular, the number n [C] which predicts the number of rational curves C ⊂ V with the fixed class [C] is always non-negative.
The connection ∇ A will be called the A-model connection. The connection ∇ A defines on H(V ) a variation of Hodge structure of type (1, n, n, 1). We call this variation the quantum variation of Hodge structure on V .
Remark 3.1.2 The Picard-Fuch differential system satisfied by η 0 was considered in details in [9] .
One immediatelly obtains:
be a class of an ample divisor on V . Define the 1-parameter connection with the new coordinate q by putting
In particular, the residue of the connection operator ∇ q at q = 0 is the Lefschetz operator
, and
Corollary 3.1.4 The connection ∇ q defines a Picard-Fuchs differential operator of order 4 annihilating η 0 .
The Gauß-Manin connection for mirrors
Let W be a Calabi-Yau 3-fold such that dim H 3 (W, C) = 2n + 2. Assume that we are given a variation W z of complex structure on W near a boundary point p of the ndimensional moduli space M W of complex structures on W in holomorphic coordinates z 1 , . . . , z n near p such that p = (0, . . . , 0).
The family W z is said to have the maximal unipotent monodromy at z = 0 if the weight filtration
defined by N is orthogonal to the Hodge filtration {F i }, i.e.,
(This is essentially the same definition given in [30, 31] .) Choose a symplectic basis
is a Z-basis of W 2 . Then we choose a symplectic basis in H 3 (W z , C) :
The choice of the basis of H 3 (W z , C) defines the splitting into the direct sum
such that all direct summand acquire canonical integral structures. By Griffiths transversality property, the Gauß-Manin connection ∇ sends
It is an observation of Deligne [10] that the weight and Hodge filtrations define a variation of mixed Hodge structure (VMHS).
Two Calabi-Yau 3-folds V and W are called mirror symmetric if the quantum variation of Hodge structure for V is isomorphic to the classical VMHS for W . In this case the q-coordinates near p up to constants are defined by the formula [30] 
Picard-Fuchs equations
In this section we recall standard facts about Picard-Fuch differential equations which we use in computations of Yukawa d-point functions and predictions for numbers of rational curves on Calabi-Yau manifolds.
Recurrent relations and differential equations
Let a n n = 0, 1, 2, . . . be an infinite sequence of complex numbers. For our purposes, it will be more convenient to define a n for all integers n ∈ Z by putting a n = 0 for n < 0. We define the generating function for the sequence {a i } as the formal power series
Consider two differential operators acting on C[[z]]:
These operators generate the algebra D = C[z, Θ] of "logarithmic" differential operators which are polynomials in non-commuting operators Θ and z Fix a positive integer d. Assume that there exist m + 1 (m ≥ 1) polynomials
of degree d + 1 such that that for every n ∈ Z the numbers {a i } satisfy the recurrent relation:
(Here we consider y as a new complex variable having no connection to our previous variable z.) Then Φ(z) is a formal solution of the linear differential equation
with the differential operator
This differential equation of order d + 1 can be rewritten in powers of Θ as
where A i are some polynomials in z. It is easy to check the following: 
Picard-Fuchs operators
Recall that a differential operator D as in (5) Picard-Fuchs operators having the maximal unipotent monodromy at z = 0 will be objects of our main interest. Therefore, we introduce the following definition: Definition 4.2.1 A Picard-Fuchs operator D with the maximal unipotent monodromy will be called a MU-operator. We will always assume that the corresponding polynomial
The fundamental property of MU-operators is the following one: Proof. If we have chosen a value of a 0 , the all coefficients a i for i ≥ 0 are uniquely defined from the reccurent relation (3). ( We remind, that we put a i = 0 for i < 0.) 2 
Logarithmic solutions and the q-coordinate
which is also a MU-operator of order d + 1, where C i (z) are rational functions in z, and C d+1 (z) ≡ 1. Assume that we have a formal regular solution
Consider a formal polynomial extension
where log z is considered as a new transcendent variable. We can define the structure of a left D-module on M z putting by definition Θ log z = 1. In fact, M z will be a module over the larger algebra D z containing the new operator Log z such that
and Log z acts on M z by multiplication on log z.
where P ′ Θ is a formal derivative of P with respect to Θ.
Proof. The statement follows from relation
which can be proved by induction.
2
Assume that we want to find a element
, and Ψ(0) = 0.
Proposition 4.3.2 The element Ψ(z) satisfies the linear non-homogeneous differential equation
or, formally,
Proof. Since Φ 0 and Φ 1 are solutions, we obtain Proof.
On the other hand, the coefficient by
Thus, we obtain the recurrent linear non-homogeneous relation
Since P m (n) = n d+1 = 0 for n ≥ 1, one can find all coefficients b i (i ≥ 1) using (7) . For instance, we obtain We come now to the most important definition:
is called the q-parameter for the MU-operator P.
Generalized hypergeometric functions and 2-term recurrent relations
Since the number m + 1 of terms in a recurrent relation (3) is at least 2, 2-term recurrencies are the simplest ones. Any such a relations is defined by two polymomials P 0 (y) and P 1 (y) of degree d + 1:
Without loss of generality we again assume that the leading coefficient of P 1 (y) is 1. 
which is the generalized hypergeometric function with parameters α 1 , . . . , α d+1 , β 1 , . . . , β d+1 . (This is a slight modification of the well-known generalized hypergeometric function d+1 F d (see [27, 33] ).) Proposition 4.4.2 Assume that
is a formal solution of the differential equation
Consider now the case when D is a MU-operator, i.e., P 1 (y) = y d+1 , and the recurrent relation has the form (n + 1) d+1 a n+1 = P 0 (n)a n .
Then for the power series Ψ(z) = i≥1 b i z i which is the solution to
is a regular solution to PΨ = 0, the coefficients {b i } satisfy the recurrent relation
d-point Yukawa functions
Let π :
]. Let T be the corresponding monodromy transformation acting on H d (W z , C), T u the unipotent part part of T , N = Log T u . 
(This is similar to definitions given in [17, 31] .) Assume that the family V z /S has the maximal unipotent monodromy at z = 0 and dim 
Definition 4.5.2 Define the coupling functions W k,l (z) (k, l ≥ 0, k, l ∈ Z) as follows
(By definition, we put Θ 0 = 1 to be the identity differential operator.) 
Proof. The statements follow immediatelly from the properties of the cup-product and from the Griffiths transversality property. 
Proof. By 4.5.4(ii), we have
Therefore,
On the other hand, by 4.5.4(iii), we have
It follows from (11) and (12) that
Case I: d is odd. Since
we obtain ΘWd+1
Using (11) and (13) for k = (d − 1)/2, we obtain
By 4.5.4(ii) and (iv), this implies the equation (10) for
Using (11) and (13) for k = d/2, we obtain
The latter again implies the same linear differential equation for W d,0 (z).
Corollary 4.5.6
Example 4.5.7 Assume that P = Θ d+1 − zP 0 (Θ) be the MU-operator correspondng to a 2-term recurrent relation (n + 1) d+1 a n+1 = P 0 (n)a n , where
i.e., W d,0 (z) is a rational function in z.
Multidimensional Picard-Fuchs differential systems with a symmetry group
So far we considered only the case of the 1-parameter family of Calabi-
It is easy to see that the same methods can be applied to the case dim F i /F i+1 ≥ 1 provided V z has a large authomorphisms group. 
Proof.
The statement immediately follows from the fact that the cohomology classes of ω(z), Θω(z), . . . , A rational curve C of degree n in P d+r has nd i intersection points with a generic hypersurface V i . On the other hand, there exists a degeneration of every divisor V i into the union of d i hyperplanes. Each of these hyperplanes has n intersection points with C. This motivates the definition of the corresponding generalized hypergeometric series Φ 0 (z) as
The coefficients a n = (
satisfy the recurrent relation (n + 1) d+1 a n+1 = P (n)a n where P (y) is the polynomial of degree d + 1:
In particular, the leading coefficient of
Example 5.1.1 Let V be a complete intersection of two cubics in P 5 . The corresponding generalized hypergeometric series is
This series was found in [25] using the explicit construction of mirrors for V by orbifolding the 1-parameter family of special complete intersections of two cubics in P 5 :
, by an abelian group G of order 81. where z = (3ψ) −6 .
We will give another interpretation of the construction of mirrors V ′ for V which immediatelly implies that Φ 0 (z) is the monodromy invariant period for the regular differential 3-form on V ′ . Let Z f 1 f 2 be the complete intersection of two hypersurfaces in a 5-dimensional algebraic torus T = Spec[X ±1 1 , . . . , X 
We define the differential 3-form ω on Z f 1 f 2 as the residue of the rational differential 5-form on T:
Let z = u 1 · · · u 6 . By residue theorem, we obtain
In this interpretation, the mirrors for V are smooth Calabi-Yau compactifications of of affine 3-folds
The equivalence between the above two construction of mirrors for V follows by the substitution
Proposition 5.1.2 The normalized Yukawa d-differential for Calabi-Yau complete intersections has the form
where d 1 , . . . , d i are degrees of hypersurfaces.
Proof. The statement follows from 4.5.7 and the normalizing condition
The construction of mirrors
Let V be a d-dimensional Calabi-Yau complete intersection of r hypersurfaces of degrees d 1 , . . . , d r in P d+r . We propose the explicit construction of candidats for mirrors with respect to V as follows:
Let E = {v 1 , . . . , v d+r+1 } be a generating set in the (d+r)-dimensional lattice N ∼ = Z d+r such that there exist the relation
We divide E into a disjoint union of r subsets E i ⊂ E such that Card E i = d i . For i = 1, . . . , r, we define the Laurent polynomial P i (u, X) in variables X 1 , . . . , X d+r as
where u 1 , . . . , u d+r+1 are independent parameters. We denote by
defined by the polynomials P 1 (u, X), . . . , P r (u, X) with sufficiently general coefficients u i . It is easy to see that up to an isomorphism the affine variaties Z ⊂ T depend only on z = u 1 · · · u d+r+1 . Thus, we have obtained a 1-parameter family of d-dimensional varieties V ′ .
Conjecture 5.2.1 The 1-parameter family of d-dimensional varieties V ′ yields the mirror family for V .
This conjecture is motivated by the combinatorial interpretation proposed in [1] of the well-known construction of mirrors for hypersurfaces of degree d + 2 in P d+1 (see [16] ). On the other hand, the conjecture is supported by the following property: Proof. The statement follows from the equality
2.
Complete intersections in toric varieties

The generalized hypergeometric series Φ 0
Let N be a free abelian group of rank (d + r). Consider r finite sets
consisting of elements v i,j ∈ N. Let E be the union E 1 ∪ · · · ∪ E r . We put k = Card E = k 1 + . . . + k r and assume that E generates the group N. Let R(E) be the subgroup in Z n consisting of all integral vectors λ = {λ i,j } such that
We denote by R + (E) submonoid in R(E) consisiting of all λ = {λ i,j } ∈ R(E) such that λ i,j ≥ 0.
Definition 6.1.1 Let u i,j be k independent complex variables parametrized by k integral vectors v i,j . Define the power series Φ 0 (u) as
Let λ (1) , . . . , λ (t) be a Z-basis of the lattice R(E) such that every element λ ∈ R + (E) is a non-negative integral linear combination of λ (i) . We define new r complex variables z 1 , . . . , z s as follows
Thus, the series Φ 0 (u) can be rewritten as the power series Φ 0 (z) in t variables z 1 , . . . , z t .
Example 6.1.2 Let E = {v 1 , . . . , v d+1 } be vectors generating d-dimensional lattice N and satisfying the integral relation v 1 + · · · + v d+1 = 0, i.e., the group R(E) is generated by the vector (1, . . . , 1) ∈ Z d+1 . Then the corresponding generalized hypergeometric series is
where z = u 1 · · · u d+1 . The integral representation of this series is the monodromy invariant period function for mirrors of hypersurfaces of degree (d + 1) in P d .
Definition 6.1.3 Let T be a (d + r)-dimensional algebraic torus with the Laurent coordinates X = (X 1 , . . . , X d+r ). We define r Laurent polynomials P E 1 (X), . . . , P Er (X) as follows
Proposition 6.1.4 The series Φ 0 (u) admits the following integral representation
Proof. The statement follows immediately from the residue formula. 2
Calabi-Yau complete intersections
Let P Σ be a quasi-smooth (d + r)-dimensional projective toric variety defined by a (d + r)-dimensional simplicial fan Σ. Assume that there exist r line bundles L 1 , . . . , L r such that each L i is generated by global sections and the tensor product
is isomorphic to the anticanonical bundle on K −1 on P Σ . If V i is the set of zeros of a generic global section of L i , then the complete intersection V = V 1 ∩ · · · ∩ V r is a d-dimensional Calabi-Yau variety having only Gorenstein toroidal singularities which are analytically isomorphic to toric singularities of P Σ .
Now let E = {v 1 , . . . , v k } be the set of all generators of 1-dimensional cones in Σ. Denote by D j the toric divisor on P Σ corresponding to v j . Notice that
. Following a suggestion of Yu. I. Manin, we assume that one can represent E as a disjoint union
such that the line bundle L i is isomorphic to the tensor product
The elements of the group R(E) can be identified with the homology classes of 1-dimensional algebraic cycles on P Σ . Moreover, one has the following property 
We can always choose a Z-basis λ (1) , . . . , λ (t) of R(E) such that every effective 1-cycle on P Σ is a non-negative linear combination of the elements λ (1) , . . . , λ (t) . Since the submonoid R + (E) consists of classes of nef-curves, this implies that every element of R + (E) is also a non-negative linear combination of λ (1) , . . . , λ (t) . This allows us to rewrite the series Φ 0 (u) in t algebraically independent variables z 1 . . . , z t (t = rk R(E)).
Corollary 6.2.2 The series Φ 0 (z) can be interpreted via the intersection numbers of classes [C] of curves C on P Σ as follows
General conjectures
Let V be a d-dimensional Calabi-Yau complete intersection of hypersurfaces V 1 , . . . , V r in a (d + r)-dimensional quasi-smooth toric variety defined by a simplicial fan Σ. Choose a Z-basis λ (1) , . . . , λ (t) in R(E) such that the classes of all effective 1-cycles have non-negative integral coordinates. We assume that the divisors V 1 , . . . , V r are numerically effective (in particular, they are not assumed to be necessary ample divisors). We assume also that the following conditions are satisfied:
(i) V is smooth; (ii) the restriction mapping Pic P Σ → Pic V is injective.
In this situation, there exist two flat A-modle connections: the connection ∇ AP on H * (P Σ ) and the connection ∇ AV on H * (V, C). LetH i be the image of
The connection ∇ AP defines the quantum variation on cohomology of toric variety P Σ . It follows from the result in [3] the following. 
where Φ i (z) is a logarithmic solution to the differential system D having the form
for some regular at z = 0 power series
Moreover, all coefficients of the expansion of ∇ AV -flat coordinates q i as power series of ∇ AP -flat z-coordinates are integers. Remark 6.3.5 This conjecture establishes a general method for normalizing the logarithimic solutions defining the canonical q-coordinates for the differential system D. There are two motivations for this conjecture. First, the conjecture is true for all already known examples of q-coordinates for Picard-Fuchs equations corresponding to Calabi-Yau complete intersections in products of weighted projective spaces (see examples in the remaining part of the paper). Second, the Lefschetz theorem and the calculation of the quantum cohomolgy ring of toric varieties [3] imply the relation
t).
Conjecture 6.3.6 Assume that V has dimension 3. Let K i,j,k (z) be structure constants defining the A-model ∇ AV connection in the z-coordinates. Then
is a rational function in z-coordinates.
Conjecture 6.3.7 The mirror Calabi-Yau varieties with respect to V are Calabi-Yau compactifications of the complete intersection of the affine hypersurfaces in the (d+r)-dimensio nal algebraic torus T defined by the equations
and the superconformal field theories corresponding to V and V ′ are isomorphic. It was proposed in [1] a general method for constructing pairs of mirror symmetric Calabi-Yau hypersurfaces in toric varieties based on the duality among so called reflexive polyhedra ∆ and ∆ * . However, the equality
) for the pair of Calabi-Yau d-foldsẐ f andẐ g corresponding to the polyhedra ∆ and ∆ * are not sufficient to prove the mirror duality betweenẐ f andẐ g in full strength. One needs to prove more: the isomorphism between the quantum cohomology ofẐ f andẐ g . Since the quantum cohomology are defined by the canonical form of the A-model connection ∇ A in q-coordinates, Conjecture 6.3.2 and Proposition 6.1.4 yield more evidence for validity of Conjecture 6.3.7. We give below one example showing that Conjecture 6.3.7 agrees with an orbifold construction of mirrors for complete intersections in product of projective spaces inspired by superconformal field theories. Example 6.3.9 Let V be a Calabi-Yau complete intersection of two hypersurfaces of degrees (3, 0) and (1, 3) in the product P 3 × P 2 . It is known that the mirrors for V can be obtained by orbifolding the complete intersection of two special hypersurfaces
by the group G of order 27, where (S 1 : S 2 : S 3 : S 4 ) and (T 1 : T 2 : T 3 ) are the homogeneous coordinates on P 3 and P 2 respectively. On the other hand, the 5-dimensional fan Σ defining P 3 × P 2 has 7 generators {v 1 , . . . , v 7 } = E satisfying the relations
We choose vectors v 1 , . . . , v 5 as the basis of the 5-dimensional lattice N. The complete intersection V is defined by dividing E into two subsets E 1 = {v 1 , v 2 , v 3 } and E 2 = {v 4 , v 5 , v 6 , v 7 }. The corresponding polynomials P E 1 (X) and P E 2 (X) are
We obtain the equivalence between two construction of mirrors by putting u 1 = u 2 = u 3 = φ −1 , u 4 = u 5 = u 6 = u 7 = ψ −1 , and
6.4 Calabi-Yau 3-folds with h 1,1 = 1
We consider below examples of the generalized hypergeometric series corresponding to smooth Calabi-Yau complete intersections V of r hypersurfaces in a toric variety P Σ such that h 1,1 (V ) = 1. By Lefschetz theorem, h 1,1 (P Σ ) must be also 1. So Σ is a (r + 3)-dimensional fan with (r + 4) generators. There exists the unique primitive integral linear relation λ i v i = 0 among the generators {v i } of Σ, i.e., rk R(E) = 1 where E = {v i } is the whole set of generators of Σ (Card E = r + 4).
In all these examples the MU-operator P has form
where the numbers α 1 , . . . , α 4 are positive rationals satisfying the relations
The Yukawa 3-differential in z-coordinate has form
Example 6.4.1 Hypersurfaces in weighted projective spaces: In this case we obtain Calabi-Yau hypersurfaces in the following weighted projective spaces
(1/6, 2/6, 4/6, 5/6) (4, 1, 1, 1, 1)
(1/8, 3/8, 5/8, 7/8)
(1/10, 3/10, 7/10, 9/10)
The q-expansion of the Yukawa 3-point function and predictions n d for number of rational curves on these hypersurfaces were obtained in [29, 20, 13] . 
(1/3, 1/3, 2/3, 2/3)
(1/4, 2/4, 2/4, 3/4)
These Calabi-Yau complete intersections in ordinary projective spaces were considered by Libgober and Teitelbaum [25] .
Example 6.4.3 Complete intersections in weighted projective spaces:
Φ 0 (z) W (0) µ (α 1 , α 2 , α 3 , α 4 ) V 4,4 ∈ P(1, 1, 1, 1, 2, 2) ∞ n=0 (4n!) 2 (n!) 4 (2n!) 2 z n 4 2
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(1/4, 1/4, 3/4, 3/4)
(1/6, 1/6, 5/6, 5/6)
(1/6, 1/2, 1/2, 5/6)
The coefficients of the Yukawa 3-point function K Calabi-Yau 3-folds V in P 2 × P 2 are hypersurfaces of degree (3, 3) . The homology classes of rational curves on P 2 × P 2 are parametrized by pairs of integers (l 1 , l 2 ). Let γ 1 , γ 2 be the homology classes of (1, 0)-curves and (0, 1)-curves respectively. Then for any Kähler class η we put
The generalized hypergeometric series corresponding to the fan Σ defining
There are obvious two recurrent relations for the coefficients a l 1 ,l 2 of the series z 2 ) satisfies the Picard-Fuchs differential system D:
The differential system D has the maximal unipotent monodromy at (z 1 , z 2 ) = (0, 0). There are two uniquely determined regular at (0, 0) functions Ψ 1 (z 1 , z 2 ) and Ψ 2 (z 1 , z 2 ) such that
are solutions to D, and Ψ 1 (0, 0) = Ψ 2 (0, 0) = 0. If we put
then one finds the coefficients b
from the simple recurrent relations based on 4.3.2. The q-coordinates q 1 , q 2 defined by the formulas
are the power series with integral coefficients in z 1 , z 2 of the form
By symmetry, one has c
Mirrors and the discriminant
Let f be the Laurent polynomial
Let γ 0 be a generator of H 4 ((C * ) 4 , Z), i.e., the cycle defined by the condition | X i |= 1 for i = 1, . . . 4.
By the residue theorem, the integral
is the power series
Thus, putting z 1 = u 1 u 2 u 3 ; z 2 = u 4 u 5 u 6 , we obtain exactly the generalized hypergeometric function Φ 0 (z 1 , z 2 ). It was proved in [1] and [2] that the function I(u) can be considered as the monodromy invariant period of the holomorphic differential 3-form
for the family of Calabi-Yau 3-foldsẐ f which are smooth compactifications of the affine hypersurfaces Z f in (C * ) 4 defined by Laurent polynomial f . One has h 1,1 (Ẑ f ) = 83, h 2,1 (Ẑ f ) = 2. The coordinates z 1 , z 2 are natural coordinates on the moduli space of CalabiYau 3-foldsẐ f .
The mirror construction helps to understand the the discriminant of the differential system D as a polynomial function in z 1 , z 2 .
By definition [15] , the zeros of the discriminat are exactly those values of the coefficients {u i } of f (X) such that the system
has a solution in the toric variety P ∆ , where ∆ is the Newton polyhedron of f . Since P ∆ is isomorphic to the subvariety of P 6 defined as
or equivalently, the system of the homogeneous equations
If we put
then the last system can be rewritten as
So the discriminant the two-parameter family is the resultant of two binary homogeneous cubic equations in A and B:
The diagonal one-parameter subfamily
We consider the diagonal one-parameter subfamily of Kähler structures η on V which are invariant under the natural involution on H 1,1 (V ), i.e., we assume that
This is equivalent to the substitution z = z 1 = z 2 .
Remark 7.3.1 In this case we obtain the one-parameter family of mirrors
which is an analog to mirrors of quintic 3-folds [8] .
It is easy to check that the discriminant of f ψ (X) vanishes exactly when ψ = α + β, where α 3 = β 3 = 1, i.e., ψ 3 ∈ {8, −1}, or z ∈ {−(3) −3 , (2 · 3) −3 }. The monodromy invariant period function is
It satisfies an ordinary Picard-Fuchs differential equation
We compute the Picard-Fuch differential equation E for F 0 (z) is from the recurrent formula for the coefficients
Then the numbers b n satisfy the recurrent relation
The numbers a n satisfy the recurrent relation (n + 1) 4 a n+1 = 3(7n 2 + 7n + 2)(3n + 2)(3n + 1)a n + 72(3n + 2)(3n + 1)(3n − 1)(3n − 2)a n−1 .
Corollary 7.3.4
The monodromy invariant period function F 0 (y) is annihilated by the differential operator P :
The last operator can be rewritten also as
In particular, one has the coefficient
.
is the solution to the differential equation
Let H be the cohomology class in H 2 (V, Z) such that H, γ 1 = H, γ 2 = 1. Since H 3 = 18, we obtain the normalization condition
Applying the general algorithm in 4.3.3, we find the q-expansion of the z-coordinate
and the q-expansion of the q-normalized Yukawa coupling is
We expect that
where n d are predictions for numbers rational curves of degree d relative to the ample divisor of type (1, 1) on V . In paricular, one has n 1 = 378.
Lines on a generic Calabi-Yau 3-fold in P
We show how to check the prediction for the number of lines on a generic Calabi-Yau 3-fold in P 2 × P 2 . First we formulate one lemma which will be useful in the sequel. 
by the natural mapping
Then the pullback p *
Proof. The statement follows immediately from the fact that λ is bilinear. be the projection of V on the second factor. Then for every point p ∈ P 2 the fiber π
We want to calculate the number of those fibers π −1 2 (p) which are unions of a line L and a conic Q in P 2 × p. The space of the reducible cubics L ∪ Q is isomorphic to the image Λ ⊂ P 9 = P(O P 2 (3)) of the morphism
By 7.4.1, Λ has codimension 2 and degree 21.
On the other hand, a generic Calabi-Yau hypersurface V defines a generic Veronese embedding φ :
The degree of the image φ(P 2 ) is 9. The number of (1, 0)-lines is the intersection number of two subvarieties φ(P 2 ) and Λ in P 9 , i.e., 9 × 21 = 189. Thus, the total amount of lines is 2 × 189 = 378. 2
Further examples
In this section we consider more examples of Calabi-Yau 3-folds V obtained as complete intersections in product of projective spaces. In all these examples for simplicity we restrict ourselves to one-parameter subfamilies invariant under permutations of factors. The latter allows to apply the Picard-Fuchs operators of order 4 to the calculation of predictions for numbers of rational curves on Calabi-Yau 3-folds with h 1,1 > 1.
Calabi-Yau
We consider the diagonal subfamily of Kähler classes on Calabi-Yau hypersurfaces of degree (1, 1, 1, 1) in (P 1 ) 4 . Repeating the same procedure as for hypersurfaces of degree (3, 3) in P 2 × P 2 , we obtain:
n i n 1 = 192, n 2 = 960, n 3 = 10304, n 4 = 147456, n 5 = 2520576 Proof. Let f be the polynomial of degree (2, 2, 2, 2) defining a Calabi-Yau hypersurface V in (P 1 ) 4 . If V contains a (0, 0, 0, 1)-curve whose projection on the product of first three P 1 is a point (p 1 , p 2 , p 3 ), then all three coefficients of the binary quadric obtained from f by substitution of (p 1 , p 2 , p 3 ) must vanish. Hence, the number of (0, 0, 0, 1) curves on V equals the intersection number of 3 hypersurfaces of degree (2, 2, 2) in Proof. By symmetry, it is sufficient to compute the number of rational curves of type (0, 0, 1, 1). Let M be the product of first two P 1 in (P 1 ) 4 . Then we obtain the natural embedding φ :
On the other hand, the points on M corresponding to projections of (0, 0, 1, 1)-curves on V are intersections of φ(M) with the 6-dimensional subvariety Λ ⊂ P 8 which is the image of the morphism
The image φ(M) has degree 8. On the other hand, φ has degree two onto its image. Hence, the subvariety Λ has degree 10. Hence, we obtain 8 × 20 = 160 points on M. There are 6 possibilities for the choice of the type of conics. Thus, the total amount of conics is 6 × 160 = 960. 2
Complete intersections of three hypersurfaces in P
We consider two examples of 3-dimensional complete intersections with trivial canonical class in (P 2 ) 3 .
Calabi-Yau complete intersections of 3 hypersurfaces of degree (1, 1, 1): Proof. Let V be the complete intersection of three generic hypersurfaces
2 . By symmetry, it is sufficient to consider lines having the class (0, 0, 1) whose projections on M 1 × M 2 are points. There is the morphism
where E is the space of all 3 × 3-matrices. By definition, φ maps a point (p 1 , p 2 ) ∈ M 1 × M 2 to the matrix of coefficents of there linear forms obtained from the substitution of p 1 and p 2 in the equations of V 1 , V 2 , and V 3 . The morphism φ is the Segre embedding and its image has degree 6. On the other hand, if a point (p 1 , p 2 ) ∈ M 1 × M 2 is a projection of a (0, 0, 1)-curve on V , then the image φ(p 1 , p 2 ) must correspond to a matrix of rank 1 in E. Thus, the number of (0, 0, 1)-curves equals 6 × 6 = 36, the intersection number of two Segre subvarieties in P 8 . So the number of lines on V is 3 × 36 = 108. 2
Abelian 3-folds: The complete intersection of three hypersurfaces of degrees (3, 0, 0), (0, 3, 0), and (0, 0, 3) are are abelian 3-folds constructed by taking products of 3 elliptic cubic curves in P 2 . Although abelian varieities are not Calabi-Yau manifolds from view point of algebraic geometers, these manifolds also present interest for physicists.
Thus, we obtain that all Gromov-Witten invariants for the abelian 3-folds are zero which agrees with the fact that there are no rational curves on abelian varieties.
Calabi-Yau
Complete intersections of a hypersurface of degree (2, 2) and 2 copies of hypersurfaces of degree (1, 1):
Thus, the number of (1, 0)-lines is 80. By symmetry, the total amount of lines is 160. 2
Complete intersections of hypersurfaces of degrees (1, 1), (1, 2) and (2, 1):
n i n 1 = 160, n 2 = 1157, n 3 = 9310, n 4 = 142368, n 5 = 2313380
The number of lines on a generic complete intersections of hypersurfaces of degrees (2, 1), (1, 2) , and (1, 1) is equal to 160.
Proof. We use the same notations as in 8.3.1. The number of (1, 0)-lines equals the the following product in the cohomology ring of W : Thus, the number of (1, 0)-lines equals 80. By symmetry, the total amount of lines is 160. 2
Hypersurfaces in product of two Del Pezzo surfaces of degree 3: A Calabi-Yau hypersurface in product of two Del Pezzo surfaces of degree 3 is a complete intersections of (1, 1), (3, 0) and (0, 3)-hypersurfaces in P 3 × P 3 . Proof. If C is a line of type (1, 0) on S 1 × S 2 , then π 1 (C) is one of 27 lines on S 1 , and π 2 (C) is a point on S 2 . Let O S i (−K) denotes the anticanonical bundle over S i . Then the zero set of a generic global section s of π *
On the other hand, for any line L ∈ S 1 , one has the linear embedding
The intersection number of Im φ and Im φ ′ in P 3 equals 3, i.e., one has exactly 3 lines C on a generic V such that π 1 (C) = L and π 2 (C) is a point on S 2 . Thus, there are 3 × 27 = 81 lines of type (1, 0) on V . By symmetry, the total amount of lines is 162. Proof. If C is a conic of type (1, 1) on S 1 × S 2 , then L 1 = π 1 (C) is one of 27 lines on S 1 , and L 2 = π 2 (C) is one of 27 lines on S 2 . On the other hand, for any pair of lines L 1 ∈ S 1 , L 2 ∈ S 2 , the intersection of the product L 1 × L 2 ⊂ S 1 × S 2 with V is a conic of type (1, 1). So we obtain 27 × 27 = 729 conics of type (1, 1) on V . On the other hand, the number of (2, 0) and (0, 2) conics is obviously equals to the number of (1, 0) and (0, 1) lines. Thus, the total number of conics is equal to 729 + 162 = 891. Thus, the number of (1, 0)-lines is 64. By symmetry, the total amount of lines is 128. 2
Complete intersection of 5 hypersurfaces of degree (1, 1): n i n 1 = 100, n 2 = 650, n 3 = 2950, n 4 = 30650, n 5 = 297150 On the other hand, for any line L ∈ S 1 , one has the linear embedding
The intersection number of Im φ and Im φ ′ in P 3 equals 4, i.e., one has exactly 4 lines C on a generic V such that π 1 (C) = L and π 2 (C) is a point on S 2 . Thus, there are 4 × 16 = 64 lines of type (1, 0) on V . By symmetry, the total amount of lines is 128. Proof. If C is a conic of type (1, 1) on S 1 × S 2 , then L 1 = π 1 (C) is one of 16 lines on S 1 , and L 2 = π 2 (C) is one of 16 lines on S 2 . On the other hand, for any pair of lines L 1 ∈ S 1 , L 2 ∈ S 2 , the intersection of the product L 1 × L 2 ⊂ S 1 × S 2 with V is a conic of type (1, 1). So we obtain 16 × 16 = 256 conics of type (1, 1) on V .
In order to compute the number of (2, 0)-conics, we notice that S 1 has exactly 10 of conic bundle structures. Moreover, these conic bundle structures can be divided into 5 pairs such that the union of degenerate fibers of each pair is the set of all 16 lines on S 1 . A generic global section s of π * 1 O S 1 (−K) ⊗ π * 2 O S 2 (−K) defines the anticanonical embedding φ : S 2 ֒→ P 4 = P(O S 1 (−K)).
On the other hand, the points p ∈ S 2 such that φ(p) splits into the union of two conics C 1 ∪ C 2 are exactly intersection points of φ(S 2 ) and the image of the embedding
Since the image of φ ′ has degree 2, we obtain 8 points p ∈ S 2 . Each such a point yields 2 conics on π Thus, the total number of conics is equal to 256 + 2 × 80 = 416. 2
